Starting from the standard three-dimensional (3D) Gross-Pitaevskii equation (GPE) and using a variational approximation, we derive an effective one-dimensional nonpolynomial Schrödinger equation (1D-NPSE) governing the axial dynamics of atomic Bose-Einstein condensates (BECs) under the action of a singular but physically relevant funnel-shaped transverse trap, i.e., an attractive 2D potential ∼ −1/r (where r is the radial coordinate in the transverse plane), in combination with the repulsive self-interaction. Wave functions of the trapped BEC are regular, in spite of the potential's singularity. The model applies to a condensate of particles (small molecules) carrying a permanent electric dipole moment in the field of a uniformly charged axial thread, as well as to a quantum gas of magnetic atoms pulled by an axial electric current. By means of numerical simulations, we verify that the effective 1D-NPSE provides accurate static and dynamical results, in comparison to the full 3D GPE, for both repulsive and attractive signs of the intrinsic nonlinearity.
I. INTRODUCTION
The observation of the Bose-Einstein condensation (BEC) in alkali-metal atomic gas at ultralow temperatures was reported 70 years after it was predicted [1] [2] [3] . Currently, BECs are produced and manipulated by various research groups, for various kinds of atomic species [4] [5] [6] , and are also observed in molecular gases [7, 8] . These setting give rise to countless effects, such as the formation of matter-wave dark [9, 10] and bright [11] solitons, propagation of matter-wave soliton trains [12] , creation of vortex states [13, 14] , prediction of stable vortex solitons in various forms [15] , observation of Feshbach resonances [16] , etc. A recent addition to this list is the prediction [17, 18] and experimental creation [19] [20] [21] [22] [23] of multidimensional "quantum droplets", in which the matter-wave collapse is arrested by the Lee-Huang-Yang (LHY) effect, produced by fluctuational corrections to the mean-field dynamics.
The study of static and dynamical properties of dilute BECs at zero temperature is accurately modeled by the time-dependent three-dimensional (3D) Gross-Pitaevskii equation (GPE) [24, 25] (if necessary, complemented by the above-mentioned LHY terms [17, 18] ). A relevant problem is to reduce the full three-dimensional GPE to lower-dimensional equations, when the reduction is imposed by an external potential which tightly confines BEC in one or two transverse directions. Several approximations for the dimensional reductions 3D → 1D and 3D → 2D were elaborated, for both selfrepulsive and attractive signs of the nonlinearity in GPE . In particular, the use of the variational approximation (VA) for the transverse profile of the wave function, presented in Refs. [27, 28] , helps to derive an effective 1D nonpolynomial Schrödinger equation (1D-NPSE), which accurately models the axial dynamics of the cigar-shaped BECs [56] . This method can also be applied for the derivation of effective 2D-NPSEs, when BEC is strongly confined in the axial direction [27, 45] . This method can be used to analyze the evolution of elongated BECs with [29] or without [30] the assumption that the wave function slowly varies along the axial direction, dynamics of spin-1 condensates [32] , and binary self-attractive BECs [33] , as well as the behavior of BEC in a nearly-1D cigar-shaped trap with the transverse confining frequency periodically modulated along the axial direction [36, 37, 39, 57] , effects of embedded axial vorticity in the elongated BECs [40] , matter waves under anisotropic transverse confinement [41] , BECs in funnel- [42] and tube-shaped [55] potentials, mean-field equations for cigar-and disc-shaped Bose-Fermi mixtures and fermion superfluids [43, 44, 51] , solitons and solitary vortices in BECs [45] , BECs in mixed dimensions [47] , dilute bosonic gases with intrinsic two-and threebody interactions [48] , BECs confined in ring-shaped potentials [50] , BECs with spin-orbit and Rabi couplings [52-54, 58, 59] , etc.
In this work, we consider BEC confined by a funnelshaped potential acting in the transverse plane (x, y), i.e., the 2D attractive potential
with ε > 0 and transverse radial coordinate r ≡ x 2 + y 2 . As suggested by Ref. [60] , this potential may be applied by an axially oriented wire, uniformly charged with density σ, to small molecules carrying a permanent dipole moment d, which is oriented along the local electric field, with strength of the radial electric field E = 2σr/r 2 (the interaction of a neutral polarizable atom with a uniformly charged wire was considered in Ref. [61] ). Then, indeed, the potential pulling the dipoles to the axis is V transverse (r) = −d · E ≡ −2σd/r, which is tantamount to potential (1) . A still more realistic possibility is provided by a quantum gas of atoms carrying permanent magnetic moments (such as chromium, dysprosium, or erbium [4, [62] [63] [64] ), pulled in the axial direction by an electric-current jet (which may be an electronic beam) [60] .
With the help of VA, we derive an effective 1D equation describing the axial dynamics in this setting. A similar configuration was considered in Ref. [42] . However, unlike that work, which used VA based on the Gaussian ansatz, we employ one with an exponential profile. This difference is more than a formal modification, as the exponential approximation agrees with the specific asymptotic form of the wave function at r → 0, imposed by the singularity of the funnel trap (see Eq. ((5)) below), while the Gaussian ansatz contradicts it. As a result, full 3D numerical simulations demonstrate that we obtain a more accurate model equation for the BEC confined by the funnel-shaped potential (in fact, no solutions of the 1D equation, nor the asymptotic form of the 3D wave function, were considered in Ref. [42] ). Limit cases, pertaining to weak-and strong-coupling regimes, are also considered, as well as results provided by the effective equation derived in Ref. [42] , for the comparison's sake. Further, we demonstrate that the effective NPSE obtained here also provides an accurate approximation for the transverse width of the confined BEC.
The rest of the paper is organized as follows. In the next section, starting from the 3D GPE and using the VA, we derive an effective NPSE governing the axial dynamics in the funnel-shaped configuration. Limit cases of the NPSE, and a similar effective 1D equation which was derived, in a more formal way, in Ref. [42] are addressed in the same section. Systematic numerical results, for both the static ground states (GSs) and dynamical regimes, are reported in Sec. III. The paper is concluded by Sec. IV.
II. THE DERIVATION OF THE EFFECTIVE NONPOLYNOMIAL SCHRÖDINGER EQUATION
A monatomic BEC at zero temperature is modeled by the commonly known 3D GPE,
where ψ(r, t) is the mean-field wave function of the condensate, potential
includes the funnel trapping term (1) and a generic (nonsingular) axial one, V(z), U ≡ 4πh 2 a s /m is the nonlinearity strength, with a s > 0 being the atomic s-wave scattering length of repulsive interatomic interactions, and N is the number of condensed atoms. By means of rescaling t → ω r t, (x, y, z) → (x, y, z)/a r , ψ → ψa 3/2 r , with a r being a characteristic length scale in the transverse direction, Eq. (2) is cast in the normalized form,
with g ≡ 2N a s /a r .
As concerns the above-mentioned physical interpretation of the model in terms of the condensate of small molecules carrying the permanent electric moment, which are pulled to the uniformly charged axial wire, the respective GPE must take into account the long-range dipole-dipole interaction between the particles. As shown in Ref. [60] , this can be done by introducing a mean-field electrostatic field, which is induced by the effective charge density in the dipolar gas (as per the respective Poisson equation
This, in turn, gives rise to effective renormalization of the scattering length, which is written in terms of the unscaled notation, a s → a s + md 2 /h 2 . Similarly, the mean-field approximation makes it possible to take into account dipole-dipole interactions between magnetic atoms.
A schematic representation of the trapping potential (3), and expected distribution of the BEC density in the corresponding GS is displayed in Fig. 1 . Here, the axial term of the potential, V(z), is assumed to take the harmonic-oscillator (HO) form, see Eq. (17) below.
In spite of the presence of the singular potential (1), Eq. (4) gives rise to a GS wave function with chemical potential µ and a regular expansion at r → 0:
[function ψ 0 (z) can be uniquely determined only from the global solution of Eq. (4), rather than solely from the expansion at small r]. An essential difference of Eq. (5) from a similar expansion constructed with a nonsingular potential is that, in the latter case, the expansion does not contain a term ∼ r. On the other hand, it is relevant to stress that the GS does not exist in the presence of a more singular radial potential, viz., V transverse (r) = −Cr −2 , with C > 0. In that case, one can formally find a wave function with a singularity at r → 0, ψ ∼ r −1 ; however, this solution is unphysical, as its norm diverges [60] . The Lagrangian density, corresponding to Eq. (4) with confining potential (3), is
Our goal is to reduce the 3D model to an appropriate 1D approximation. To this end, we consider the following factorized ansatz:
were f (z, t) is an axial wave function, and η = η(z, t) is the transverse width, with the normalization condition
which provides unitary normalization of the full 3D wave function (6) . Note that the expansion of ansatz (7) at r → 0 agrees with the asymptotic form given by Eq.
. The effective 1D-NPSE is produced by inserting ansatz (7) into Lagrangian density (6) and performing integration in the transverse plane, it being relevant to stress that the 2D integral with singular term ∼ 1/r in Eq. (6) converges. This procedure leads us to the following effective 1D Lagrangian,
where both * and c.c. stand for the complex conjugation (as usual, the derivation neglects terms including ∂η/∂z, assuming that that the variation of transverse width η follows that of axial density | f | 2 [27, 28] ). Euler-Lagrange equations following from the 1D Lagrangian are
Next, substituting η 2 from Eq. (11) in Eq. (10), one arrives at the following time-dependent 1D-NPSE:
which is the main result of the derivation. To test accuracy of the effective 1D-NPSE given by Eq. (12), below we compare it to other approximations.
A. The YXWLH equation
An effective 1D equation for BEC under the action of the funnel-shaped potential was proposed in Ref. [42] , Figure 3 . The same as in Fig. (2) , but for the self-attractive BEC (g < 0), for g = −0.05 (a), g = −0.3 (b), and g = −0.5 (c).
in which the dimensional reduction was performed by means of the VA based on the Gaussian ansatz for the transverse wave function:
cf. Eq. (7) . The effective 1D equation derived in Ref. [42] is
which we refer to below as the YXWLH equation. Note that its structure is similar to that of Eq. (12), the difference amounting to replacing coefficient 1/2 in front of the nonlinear terms by π/8 ≈ 0.393. However, no solutions of Eq. (14) were reported in Ref. [42] , and the asymptotic structure of the wave function at r → 0 was not considered either, cf. Eq. (5), the latter point being essential in the case of the singular potential.
B. The weak-and strong-nonlinearity cases
For the weakly interacting BEC, with g| f | 2 ≪ 1, Eq. (12) reduces to the usual 1D nonlinear Schrödinger equation (NLSE) with the cubic term,
On the other hand, the Thomas-Fermi (TF) approximation, which neglects the spatial derivatives in the GPEs, may be applied in the case of strong self-repulsion. To this end, we substitute a normalized macroscopic wave function, ψ(r, t) = exp (−r/2 − iµt) f / √ 2π, in the 3D GPE (note that this expression corresponds to our initial ansatz (7) with η = 1) and perform the integration in the transverse plane, (x, y), neglecting, as usual, the kinetic-energy terms, the result being
(16) In this approximation, chemical potential µ is determined by normalization condition (8) .
III. NUMERICAL RESULTS
Numerical results were produced by means of imaginary-and real-time simulations of the full 3D GPE (4), as well as 1D equations (12), (14) , and (15) . The simulations were performed with the help of the splitstep method, that was based on the Crank-Nicolson algorithm. The imaginary-time simulations aimed to produce the system's GS, while the real-time simulations made it possible to explore dynamical behavior of the models.
We start the analysis of trapped states, predicted by the 3D and 1D equations, adopting the HO potential acting in the axial direction,
with λ 2 ≪ 1, as the longitudinal potential must be much weaker than its transverse counterpart. To compare the respective GS solutions produced by the 3D and 1D equations, we use the axial-density profile of the 3D state, defined as
while ρ(z) = | f (z)| 2 for the 1D equations. In Fig. 2 , we display typical examples of axial densities for repulsive BEC (g > 0) in its GS, under the action of the combined potential (3), in which the longitudinal term is given by Eq. (17) with λ = 0.1. These plots demonstrate that the 1D-NPSE provides essentially more accurate results than other approximations, although Eq. (14), being close to the 1D-NPSE, leads to accuracy which is only slightly worse than provided by the main 1D-NPSE approximation. Thus, it is the best approximation in all cases.
Note that, as observed in Fig. 2 , the accuracy of the TF approximation improves slowly with the increase of strength g of the self-repulsion in the underlying GPE (4), while it is usually assumed that the approximation should become better for strong self-repulsion. There are two reasons for that: first, the TF approximation works well with positive confining potentials, such as the OH trap (17), but not necessarily with the singular negative potential, such as the funnel one in Eq. (3); second, the saturable form of Eq. (12) leads to selfcancellation of the strong nonlinearity.
We also analyzed the case of the self-attractive nonlinearity (g < 0), under the action of the same combined potential (3). In Fig. 3 , we display GS profiles obtained by means of the imaginary-time propagation, applied to the same set of models, viz., the full 3D GPE, 1D-NPSE, 1D-YWLH equation, and cubic 1D-NLSE, while the TF approximation is not relevant in the case of the self-attraction. In this case, all 1D approximations provide good accuracy in comparison with the full 3D findings.
It is well known that the 3D GPE [65] and its 1D reductions [27, 28] lead to collapse under the action of a sufficiently strong self-attraction. By means of systematic simulations, we have found that the collapse occurs when the attraction strength exceeds a critical value, |g| > |g c |, which is g c ≃ −0.9, g c ≃ −0.8, and g c ≃ −0.9, for the full 3D GPE, 1D-NPSE, and 1D-YXWLH equation, respectively, under the action of the funnel trap (1) with ε = 1 and longitudinal potential (17) with λ = 0.1. Although the 1D-NPSE model predicts g c with a slightly poorer accuracy than the 1D-YXWLH equation (14) , the comparison of the 1D profiles of the wave functions (not shown here in detail) demonstrates that the former approximation yields better accuracy at |g| ≤ 0.8.
Getting back to the model with the self-repulsion, in Fig. 4 we display the chemical potential, µ, as obtained numerically from the 3D GPE and from 1D approximations for stationary states, which are looked for, respectively, as exp (−iµt) φ (x, y, z) or exp (−iµt) h(z), with real functions φ and h, cf. Eq. (5) . Again, one observes in Fig. 4 that the 1D-NPSE provides very accurate results [in particular, conspicuously more accurate than those produced by the similar 1D-YXWLH approximate equation (14) ]. Figure 5 . The evolution of the axial mean-squared size z 2 of the dynamical state generated by the quench, i.e., sudden perturbation of the ground-state wave function as per Eq. (19) . The self-repulsion coefficient is g = 5, other parameters and the notation being the same as in Figs. 2-4 . The results produced by the simplest approximation, in the form of 1D-NLSE (15) , are not displayed here, as their difference form the 3D counterparts is very large.
Finally, we check the accuracy of the 1D-NPSE in simulations of dynamical effects. To this end, we used the input in the form of the GS solutions, which were obtained as outlined above, and ran real-time simulations, suddenly replacing longitudinal potential (17) by a slightly stronger one,
(the dynamical behavior of this type is often called quench [66] ). This variation of the axial confinement gives rise to oscillations of the wave function, which can be observed from the calculation of the axial meansquared length, z 2 ≡ z 2 |ψ(r)| 2 dr for 3D GPE, and z 2 ≡ +∞ −∞ z 2 | f | 2 dz for the 1D approximations. In Fig.  5 we compare the evolution of z 2 as obtained from the simulations of the full 3D GPE and its 1D counterparts. It is again concluded that the 1D-NPSE is more accurate in comparison with the other approximations. Note that the simplest cubic model, based on 1D-NLSE, i.e., Eq. (15), is very inaccurate in the application to dynamical effects, therefore the respective results are not included in Fig. 5 .
Lastly, in the case of self-repulsion, g > 0, Eq. (12) without the axial potential, V(z) = 0, generates dark solitons. With this form of the saturable nonlinearity, solutions for dark solitons where found in an exact but cumbersome analytical form in Ref. [67] . The comparison of those solutions to their counterparts which may be produced by the 3D equation (2) is a subject for a separate work.
IV. CONCLUSION
In this work, by applying the dimensional-reduction method, which is based on the VA (variational approximation), to the full three-dimensional GPE, we have derived an effective 1D-NPSE (nonpolynomial Schrödinger equation with rational nonlinearity) that governs the axial mean-field dynamics of BEC which is tightly trapped in the transverse plane, with both repulsive and attractive signs of the self-interaction. We have considered the specific case when the transverse trapping is imposed by the singular funnel potential, which is a singular one, ∼ −1/r. This potential was originally introduced, as a model one, in Ref. [42] . We propose physical settings which give rise to this model, viz., a uniformly charged axial wire attracting particles carrying a permanent dipole electric moment, as well as a bosonic gas of magnetic atoms pulled to the axial electric current. In spite of the singularity, the funnel potential maintains regular wave functions of the trapped states. We verify the accuracy of predictions provided by the 1D-NPSE by comparing them to results of the full 3D simulations, and other 1D approximations, such as the usual cubic one-dimensional NLSE and the Thomas-Fermi approximation. In the case of self-attraction (g < 0), the setting gives rise to collapse at |g| > |g c |, with the critical value also accurately predicted by the 1D reduction. Finally, the 1D-NPSE also provides a sufficiently accurate approximation for dynamical regimes, initiated by a sudden quench applied to the axial potential. Thus, the approximation based on the 1D equation of the NPSE type is relevant for various types of the transverse trapping potentials, including singular ones, and for the analysis of both the systems' ground states and dynamical regimes.
Finally, it may be interesting to generalize the above analysis for modes with embedded vorticity S = 1, 2, 3, ..., represented by factor exp (iSθ) in the 3D solution, where θ is the angular variable in the transverse plane [68] . Then, the expansion similar to that in Eq. (5) starts with terms ψ = exp (−iµt + iSθ) r S 1 − ε 3 (1 + 2S) −1 r ψ 0 (z) + ... . This extension of the analysis will be reported elsewhere.
ACKNOWLEDGMENTS
We appreciate valuable discussions with Luca Salasnich.
Financial support from the Brazilian agencies CNPq (#304073/2016 
